A direct perturbation theory is developed to study the effects of small perturbations on the interaction process of algebraic solitons of the Benjamin-Ono (BO) equation. Using the method of multiple scales, the modulation equations for the amplitude and the phase of each soliton are derived in the lowest approximation. As practical applications of the theory, the interaction of two solitons is investigated for the two different types of perturbations that appear in real physical systems. One is a dissipative perturbation (BO -Burgers equation) and the other is a dispersive perturbation (higher-order BO equation). In both cases, the changes of the soliton parameters due to small perturbation are calculated by numerical integrations and their characteristics are elucidated in detail. Among them, the phase shift caused by the dispersive perturbation is a remarkable feature that has never been observed in the collision process of algebraic solitons.
I. INTRODUCTION
u, +4uu"+Hu""=eR [u] , u =u (x, t) .
(1.1a)
The development of the theory of nonlinear waves has enabled us to model real physical systems by simple nonlinear evolution equations (NEE's) called soliton equa- tions [1 -3] . The typical example is the Korteweg -de Vries (KdV) equation that describes the unidirectional propagation of long waves of small amplitude. Almost all the NEE's thus derived incorporate the lowest-order nonlinearity in wave amplitude so that their applicability is severely restricted to small amplitude waves. In order to treat large amplitude waves, however, one must take into account the higher-order effects. In the context of water waves, various types of higher-order KdV equations have been derived in accordance with the physical situation under consideration, and their properties have been investigated in detail both analytically and numerically [4 -ll] . In the analytical approach, the higherorder terms are treated as perturbations and appropriate perturbation methods are applied. Several different approaches are known at present. These include a method based on the inverse-scattering transform (IST) [12 -16] , a direct method using multiple-time-scale expansion [17 -20] , a mixture of the above two methods [21 -24] , a technique using the variational principle [25] , and a generalized reductive perturbation method [5, 6, 26] . These methods are reviewed critically in the literature [27, 28] and hence their advantages are not discussed here. However, a brief review of the direct methods will be made in Sec. II 0 in connection with the present analysis.
In spite of a large number of works devoted to the study of the perturbation methods, there exist a few perturbed soliton equations that prevent us from applying the methods. A typical example is the following perturbed Benjamin-Ono (BO) equation:
Here eR [u] represents the perturbation, e is a small positive parameter that measures the magnitude of the perturbation, the operator 8is the Hilbert transform defined by Hu(x t)= -Pf ' dy, 1~u (y, t) 7T -oo g X (1.1b) where the symbol P stands for the Cauchy principal value, and the subscripts t and x appended to u denote partial differentiations.
The BO equation has been derived by Benjamin [29] and later by Ono [30] to describe the propagation of long internal waves in a stratified fluid of great depth. The mathematical structure of the BQ equation has been summarized in a textbook [31] . A novel feature when compared with the KdV equation is that the BO equation has a nonlocal dispersive term expressed by the Hilbert transform. Almost all the dif5culties encountered in the analysis stem from this term.
The main purpose of this paper is to develop a direct perturbation theory of Eq. (1.1). In particular, we consider the effects of small perturbations on the interaction process of multiple solitons. In this respect, it should be remembered that most of the perturbation methods at hand deal only with the one-soliton problem in practice even though they may be applicable to the multisoliton problem as well [28] . In dealing with the latter problem analytically, great technical difhculties are usually accompanied. Our main concern here is the modification of the leading terms (solitons) [32, 33] ) and the other deals with the dispersive perturbation (higher-order BO equation [11] The above expression shows that the BO solitons exhibit no phase shift after collision between them. This is a remarkable characteristic that has never been observed in the collision process of solitons expressed in terms of exponential functions. A detailed description of the interaction process of the BO solitons has been given in [37] . Now [11, 32, 33] . While the investigations of these equations have been done from both analytical and numerical points of view, they are mainly concerned with the one- [21] . They developed a direct perturbation theory analogous to that presented here. They constructed Green's functions to solve the linearized equations with the aid of IST and calculated explicitly the first-order corrections to the soliton solutions of the nonlinear Schrodinger and sine-Gordon equations [21, 38] .
Recently, a similar direct approach has been introduced by Herman [22] , Kalyakin [23] , and Konotop and Vekslerchik [24] to study the higher-order effects. [32] . It is also introduced as a model equation for the description of long internal waves in the stratified lower atmosphere when turbulent dissipation is significant [33] .
The functions gJ and gJ+2 (j=1,2) are immediately constructed from (2.14) and (3.2) as g = -ln(f'/f) ( where aj'. ' and g~' represent the expressions of the righthand sides of (3.8a) and (3.8b), respectively. Figure 1 shows the time evolution of ha (t) for case (i). It is seen that the amplitude of the larger soliton increases and that of the smaller soliton decreases after the overtaking collision. The equation has been derived to describe a unidirectional motion of interfacial waves in a two-layer fluid system in which the upper layer with a uniform density p2 is infinitely deep and the depth of the lower layer with a uniform density p, is very small compared with the typical wavelength of the wave [11] . The parameter 6 is the density ratio p2/p&, which is assumed to be less than unity. (3.9) . In the present case, a~I~(t) and g'~(t) are given by the expressions on the right-hand sides of (3.13a) and (3.13b), respectively. In all cases, the parameter e was set to 0.003 and the initial phases were chosen such that the collision of the two solitons occur at t =150. Figures 5 and 6 show the time evolution of ha (t) and b, g' . (t), respectively, for case (i) and case (ii). The corresponding plots for case (iii) and case (iv) Fig. 6 ), as the solitons get close the smaller soliton is pushed forward before collision and then pulled backward after collision, thereby abruptly accelerating the larger soliton. As a result, the smaller soliton suffers a small but positive phase shift. For the large amplitude ratio, on the other hand, the reverse phenomenon occurs for the smaller soliton (see Fig. 8 ),
i.e. , the acceleration follows the deceleration and both effects lead to a negative phase shift.
Detailed description of the phase shift
In order to examine the feature of the phase shift in more detail, we shall solve (3.11) sufFiciently in their initial and final positions so that the second and third terms on the right-hand side of (3.17) can be neglected, (3.17) is considerably simplified as follows [40] : The phase shifts b, g, and b, g2 are plotted in Fig. 9 [42, 43] .
The solution thus constructed has been used extensively to develop a direct perturbation theory for the KdV equation [22, 23] The above results coincide with those derived by IST [14] .
